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^0 I Abstract 

. We describe random walk boundaries (in particular, the Poisson-Furstenberg, or 
PF-boundary) for a vast family of groups in terms of the hyperbolic boundary of a 

I— I. special free subgroup. We prove that almost all trajectories of the random walk (with 

f-H ' respect to an arbitrary nondegenerate measure on the group) converge to points of 

, that boundary. This implies the stability (in the sense of ^lOj) of the so-called Markov- 

^ ' Ivanovsky normal form for braids. 
» . 

a , 

^ ; Introduction 

^ i 0.1 Random walks on groups and their boundaries 

Q>^ ■ In this paper we study boundaries of random walks on groups of a wide class, the main 

■ examples of which are the Artin braid groups. Mainly we are interested in the problem of 

^ I algebraic description of the boundary; this problem is still open during the last decades, — 

' we construct and describe the boundary of the random walk in terms of the group itself, or 

Q ■ in other words in terms of generators and relations. We do not prove that the boundaries 

! which we have found are maxima^. Nevertheless, the method we present joins Furstenberg's 

' approach to the boundaries with the idea of stable normal forms in groups, and opens new 

• possibilities for the description of boundaries. 

^ , The problem of the calculation of boundaries for countable groups (or more generally, 

I for graphs) consists of the following: consider the procedure of sequential multiplication 

(for example, from the right side) of a current element of the group Un-i G G, n = 1, 2, . . . , 
yo = id, with a randomly chosen (in accordance with a fixed probability distribution /i 
on the group) element Xn € G, n = 1,2,...; how to describe those characteristics of 
the growing product yn of random elements that are stabilized when n tends to infinity? 
For the braid groups this question is very natural in the case where our fixed probability 
distribution is the uniform distribution on the set of standard Artin's generators and their 
inverses: we choose randomly a transposition of strands and multiply a current braid on 
this transposition; what properties of the braid "survived at infinity" (such a properties we 
will called "stabilizing properties"). A priori it is not clear if such nontrivial properties do 
exist (in other words, it is not clear if the boundary is trivial or not). 



*St. Petersburg Branch, Steklov Mathematical Institute, Russian Academy of Sciences, Fontanka 27, 
St. Petersburg 191023, Russia. E-mail: vershik@pdmi.ras.ru, malyutin@pdmi.ras.ru Partially supported 
by the grants RFFI 08-01-00379-a, NSh-2460.2008.1112, CRDF RUM-2622ST-04. Keywords: braid group, 
random walk, stable normal form, Poisson-Furstenberg boundary. 

^Although for the braid groups this fact follows from the comparison of our results with results of the 
papers [TSllT]. 
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There exist various approaches to the theory of boundaries of groups. First of all, we 
can say about probabilistic boundaries, for example, exit boundaries of Markov processes, 
or Poisson boundaries in the sense of harmonic functions, etc. These boundaries are defined 
as measure spaces without topology or canonical metric. For random walks, this boundary 
could be defined as a quotient space over tail equivalence relation or other equivalence 
relation. But such definition does not provide the direct description of the boundary. 
Usually, when we consider a space which is a factor-space of the tail equivalence relation, 
the main difficulty is to verify if this space is a proper quotient of the boundary or the 
whole boundary itself. Up to now this problem was solved for a very small class of groups. 
Technical question is: how to define an appropriate metric or topology on the space which 
is supposed to be boundary. 

Another approach was given by H. Furstenberg [HIHIIO]. It starts from the opposite 
point, namely from the study of topological or metric G-spaces with quasi-invariant, 
stationary (with respect to the action of the group G) measure. The group action on those 
spaces satisfies certain special conditions: fi-proximality or mean-proximality (see Section 2 
for the definitions). Such spaces are called ^x-boundaries , and probability boundaries (for 
example, the exit boundary) if endowed with appropriate topology, satisfy these conditions. 
As measure spaces, ;U-boundaries usually are quotient spaces of exit boundaries. A /i- 
boundary that is isomorphic to the exit boundary is called maximal^ This approach seems 
to be very fruitful and became popular, especially for classical groups and classical lattices. 
In the survey [19] it was suggested to call the maximal /^-boundary of the random walk the 
Poisson-Furstenberg boundary; this term we use here. For classical groups these boundaries 
usually can be described as boundaries of some compactifications of the group. Thus, 
Furstenberg theory gives the description of the boundaries as topological G-spaces with 
special measures. This approach seems to be parallel to the theory of more subtle kind of 
boundaries — Martin boundaries. But the problem of such approaches lies in the absence 
of the direct link between //-boundary and the space of trajectories of Markov process. 
In particular, no universal connection exists between the convergence of trajectories and 
topology of the boundary. 

Another one approach was proposed in the paper [19] — it consists in the construction 
of boundary as the limit space for normal forms of random elements of the group. More 
exactly, we try to find some kind of normal forms for the group elements (for example, 
representing these elements as words over an alphabet of generators of the group, or as 
geometrical configurations — "generalized words", etc.) such that for almost all sequences 
of elements there is a convergence of these normal forms to an infinite word or to a limit 
configuration. Then we regard the space of infinite configurations as a boundary of random 
walk. Examples: in the case of the free non-abelian group, reduced words is a stable normal 
form, and the corresponding limit space is the space of infinite reduced words; for the 
locally free groups, this is the space of infinite heaps (see [20l[16]). A more complicated 
example (from pH|) provides an interpretation of boundaries of meta-abelian groups and 
wreath-products. Here we consider the special type of configurations of paths on lattices 
as normal forms of the elements of the meta-abelian groups, and stabilization means the 
convergence for almost all sequences of configurations to an infinite configurations. Under 
such approach, the connection between the convergence of trajectories of Markov process 

^The exit boundary of a group can have several distinct natural topological realizations. In other words, 
a group can have several maximal /i-boundaries. The braid group B„ is a striking example. From the one 
hand, the Thurston boundary of Teichmiiller space of the sphere with n + 1 punctures (this boundary is 
homeomorphic to (2n — 5)-sphere) is a maximal /i-boundary of Bn (see [l3] [7] for the proof); from the 
other hand, the exit boundary of B„ can be realized as a circle; below, we will describe the same boundary 
as the hyperbolic boundary of the free group of rank n — 1. 
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and topology in the space of words underlies the notion of stabilization. The main difficulty 
consists in the description of the action of the group on the limit space, and in establishing 
the fact that the space obtained is the boundary or even maximal boundary. The main 
result of this paper shows that in the cases which we have considered, our approach could 
be agreed with Furstenberg's approach and we can identify the space of limit normal forms 
with PF-boundary. 

Unfortunately, there are no universal tools to prove the boundary maximality; this 
question remains open. There is the entropy criterion by Kaimanovich [12| . which is a 
corollary of the global criteria of the boundary triviality [HI [5], but it is difficult to apply it 
in concrete situations, because for that we need an appropriate metric. Another plan, which 
uses estimations of the stabilization rate of the normal forms, is still not complete. In the 
case of mapping class groups, it was proved in [IS, [7] (using the above-mentioned criteria) 
that the maximal boundary can be realized as the Thurston boundary of Teichmiiller space. 
Relatively cumbersome combination, which we do not argue here, of those arguments and 
our results allows us to claim that the boundary which we have found is maximal, but as 
it was mentioned above, it is too indirect way, and we need further work in order to make 
the algebraic theory of group boundaries self-consistent. 

0.2 Statement of results and a geometric illustration for the stability 

The results of the paper can be described as follows. First, for a countable group with 
a normal free non-abelian subgroup it is proved that the ordinary (hyperbolic) boundary 
of the subgroup is a //-boundarjo of the group itself (Theorem 1). Then, for a certain 
subclass (which is described below) of groups with normal free subgroups it is shown that 
the projection of almost every (a.e.) path into the normal free subgroup converges (with 
respect to the hyperbolic compactification) to a point on the aforementioned hyperbolic 
boundary (Theorem 2). Finally, implying these theorems to the braid group and its special 
free subgroup, we prove that the Markov-Ivanovsky normal form is stable (Theorem 3). 
With more details and with the exact wording, these results are as follows. 

The description of a /i-boundary for the groups with a normal free subgroup. 

We recall that each automorphism of a word-hyperbolic group (take the free group as an 
example) can be uniquely extended to a homeomorphism of its hyperbolic boundary dJ-. 
In particular, if ^ is a normal subgroup in a group Q, then Q acts on !F by conjugation 
automorphisms, which induces a natural continuous action of Q on dJ-. 

Theorem 1. Let G be a countable group with a normal free non-abelian subgroup F . 
Let fi be a nondegenerate measure on G. Then on the G-space dF there exists a unique 
^-stationary measure v, which is continuous. The pair (OF,!/) is a fi-boundary of {G,fi). 

In other words. Theorem 1 states that dF is a mean-proximal G-space, i.e., dF is //- 
proximal for each nondegenerate measure fx on G (see Section 2 or [lOj for the definitions). 
The statement that {dF, u) is a ^-boundary of (G, /i) means by definition that for a.e. path 
r = {Ti}i^z+ of the right-hand random //-walk on G the sequence {Ti{y)}i,zi^ of measures 
converges to a point measure (5«,(t) with w{t) G dF. 

^In fact, in the case of the braid group such a /i-boundary is maximal (i.e., it is a PF-boundary), 
providing that the measure ^ has a finite first moment. But this maximality follows, as mentioned above, 
by combining our results with the results of [13] [7], which have a different nature. We think that our 
approach leads to a direct proof of the boundary maximality. We conjecture that such a boundary is 
maximal whenever the natural homomorphism of the group to the group of automorphisms of the normal 
subgroup is injective. 



3 



The convergence of paths for semidirect products. The problem of pointwise 
convergence for the mean-proximal G-space F U dF is the problem whether there exists a 
point / £ FDdF such that for a.e. path r = {Ti}i^i^ the sequence {Ti{f)}i^z+ converges to 
the above-defined point w{t) G dF. In the general case of Theorem 1, this problem is open. 
Nevertheless, we can prove a pointwise convergence under certain additional assumptions 
on the structure of our group. 

Theorem 2. Let H be a countable group with a normal free non-abelian subgroup F . 
Suppose that H can be presented as a semidirect product of F by a subgroup A {i.e., H = 
F yi A). Suppose, moreover, that F contains a nontrivial element that is fixed under the 
action of the subgroup A. Then for each nondegenerate measure ^ on H and for a.e. path 
T = {Ti}i^z,+ = {xiai}i^z+ (here, Xi € -F, G A) of the random fi-walk, the sequence 
of elements in F converges (in the hyperbolic compactification FUdF) to a point 
w{t) on the boundary OF. 

The stability of the Markov-Ivanovsky normal form for the braid group. We 

can illustrate the above results by the example of the Artin braid group Bn (or by 
the slightly more general example of mapping class groups of surfaces with nonempty 
boundary). It is well known that the pure braid group P„ (which has a finite index in 
Bn) is a semidirect product of its normal free subgroup of rank n — 1 by the pure 

(ra — l)-braids subgroup Pn-i- By applying Theorems 1 and 2 to this semidirect product, we 
conclude that the hyperbolic boundary dFn-i is a /x-boundary of P„ (in fact, it is maximal) 
and by projecting a path in P„ to Fn-i we almost surely (a.s.) obtain a convergent sequence 
(this sequence converges in the hyperbolic metric to a point on dFn-i). Since Pn is a finite 
index subgroup of B^, we can extend these results to Bn- Now, we recall that the definition 
of the Markov-Ivanovsky normal form [18] based on the decomposition Pn = Fn-i x Pn-i 
(see Section 1 for details). Thus, in the case of the braid group, the above results convert 
into the following one. 

Theorem 3. The Markov-Ivanovsky normal form in the Artin braid group is stable (with 
respect to the random walk with any nondegenerate distribution). 

Here, we give an example of a path of the random /x-walk on the pure braid group 
P4, where // is the uniform distribution on the set of generators Sji and their inverses. 
(This set of generators is described in Section 1 below.) The fe-th element of the path is 
denoted by 7^. On the right part of the list we write the Markov-Ivanovsky normal forms 
of these elements. On the given part of the path the form stabilizes rapidly. As a matter of 
fact, the lengths of the Markov-Ivanovsky normal forms for the elements of a.e. path grow 
exponentially. Note that for a.e. path the stabilization speed is also exponential. 



71 = 70 • 53/; 

72 = 71 ■ S41; 

73 = 72 • sll; 

74 = 73 • S32^ 

75 = 74 • 542; 

76 = 75 • S21; 

77 = 76 • S32; 

78 = 77 • sll; 

79 = 78 • sl^; 



70 = 1; 
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In the definition of the Markov-Ivanovsky normal form, the decomposition Pm = 
1 is employed step by step to the pure braid groups with decreasing ranks. As a 
result, we obtain a decomposition of Pn into a product of n — 1 free subgroups. Each braid 
7 of Pn is a unique product of n — 1 elements of these subgroups. The Markov-Ivanovsky 
normal form ^(7) of 7 is composed of n — 1 parts that correspond to these elements. (In 
the case of the group P4, the form has three parts. The first part uses the symbols, or the 
generators, S43, S42, S41, and their inverses. The second part includes S32, S31, and inverses. 
The third part is a power of S21. See the example above.) For a.e. path of the random walk 
the length of each part of the form (except the uttermost cyclic part) tends to infinity, so 
that the stabilization of the form is the stabilization of its first part. It is an interesting 
fact that other parts of the form (except the uttermost cyclic one certainly) also stabilize 
for a.e. path, but in the limit all the stable information about the path is reflected in the 
first part of the form. 

If we consider the ordinary geometric interpretation of braids, where a braid is 
represented by a collections of intertwining strings, then the Markov-Ivanovsky normal 
form of a braid is represented by a strings interweaving of the following shape. First, the 
outermost string wind round other strings, which are motionless at this moment (this is 
the first part of the form). Then, only the second string moves (the second part of the 
form), and so on. In the last (cyclic) part of the form, only two strings are twisting. See 
Figure m the generator sji corresponds on the geometric level to the one full twist between 
i-th and j'-th strings. 




Figure 1: Geometric presentations for the pure 4-braid Sg^^ 541,843 S32 S42S21S32 and its 
Markov-Ivanovsky normal form. 

Figure [2] shows the geometric shapes for the normal forms of elements in the above 
example. In this geometric interpretation, the stabilization of the Markov-Ivanovsky 
normal form is observed as the stabilization of the first string's position. 

0.3 Corollaries about stable functionals on the braid group 

The braid group has numerous algebraic and geometric interpretations. The Markov- 
Ivanovsky normal form is nicely related to some of these interpretations, so that our 
results provide corresponding corollaries, which enable us to observe numerous natural 
stable functionals for the random walks on the braid group. (To describe these stable 
functionals briefly, we restrict ourselves to the case of pure braid groups.) 

The Artin representation. Our Theorem 3 implies that the stabilization phenomenon 
for the random walk on the braid group can be observed via Artin's representation of Bn 
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into the automorphisms of the rank n free group F„ with generators {xi, . . . ,Xn)^ This 
may be described as follows. Let Xj be a generator in (xi, . . . , and let j{xi) denote the 
image of Xj under the automorphism that corresponds to a pure braid 7. It is well known 
that the reduced word for the element j{xi) has the form Ai{'j)xiA^^ (j) (here, ^4(7) is 
a reduced word over the generators xi, . . . ,x„ and their inverses). It turns out that initial 
(left) symbols of the Markov-Ivanovsky normal form 3(7) for 7 determine completely 
several terminal (right) letters of the word ^^(7). (Equivalently, they determine initial 
(left) letters of the word ^"^(7).) In particular, the stability of the Markov-Ivanovsky 
normal form implies that for a.e. path 71,72,... of the random walk the corresponding 
sequence ^"^(7^) converges. Furthermore, by the symmetry arguments it follows that for 
a.e. path and for each i the sequence j4j(7fc) converges. 

Corollary. Let Pn — Aut(i<'„) he the Artin representation in its standard form. [In 
particular, for every ^ & Pn and every i € {!,..., n} we have 7(xj) = ^ j (7) Xj 74^^(7).) 
Then for a.e. path {7a;}a;gz+ of the right random walk on Pn {with respect to a nondegenerate 
distribution //) the sequence of words ^"^(7^) converges {to a random right infinite word 
in generators xi, . . . ,x„ and their inverses). 

Below, we calculate the reduced words ^4(7fe)x474j^(7fc) for a part of the above- 
considered path in P4. 



70 (X4) = 

71 (X4) = X4 

72(3^4) = X4 "'^X2^"'^X]^"'^X2X4X2 ^XlX2X4 

73(3^4) = X2 "^XiX2X3X^"^xj~"^X2Xj"'^X^"'^Xj~"'^X2X4X2 ^XiX2X4X2 ^XiX2X3 "^X2 ^X||~"^X2 

74(3:4) = 73(s32Ha;4)) = 73(2:4) 

75(X4) = ■ ■ ■ X2 ^XiX2X3X^"'^X^"'^X2X4 "'^X2^"'^X]^"'^X2X4X2 ^XiX2X4X2 ^XiX2X3 ""^Xg ^X^^X2 • • • 

76(3^4) = • • • X2 ^XlX2X3X^"^X^"'^X2X4 "'^X^"'^Xj'"'^X2X4X2 ^XlX2X4X2 ^XlX2X3 "^X^^X^^X2 • • • 



There are several other ways to observe the stabilization via Artin's representation. For 
example, consider the ratio 

#.,^4(7) 

where #xr.^j(7) denotes the number of occurrence of the symbol Xr in the reduced word 
^4(7). It turns out that this ratio is a stable functional on the braid group. 

Note also that for a path 71,72, •• • the corresponding sequence of elements 7fc(xj) in 
Fn is not a.s. convergent (in the usual sense of the hyperbolic compactification) . However, 
let us consider the factor-space of Fn by the left translation by the element X1X2 • • • x„. It 
turns out that in this factor-space the image of 7fe(xj) is an a.s. convergent sequence. 

The braid group as the mapping class group. Next, we consider the well-known 
interpretation of the braid group in the form of the mapping class group of the punctured 
disc. Under this interpretation, the action of the braid group on the fundamental group 
of the punctured disc is exactly the Artin representation. It is convenient to regard 
the elements of the type 7(xj) = ^i(7)xi^~^(7) in this free-fundamental group as the 
homotopy classes of curves that come out of the i-th puncture and end in a base point on 
the boundary. It is also convenient to endow our punctured disc with a hyperbolic metric. 
Then each of these homotopy classes is represented by a unique geodesic (see Figure [3|). 

■^We remark that in the semidirect product P„ = >^ Pn-i the action of the subgroup Pn-i on the 

subgroup Fn-i yields exactly the Artin representation "of rank n — 1". 
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The braid group acts on the set of such geodesies. In this construction, the described 
above (left) stabilization of the sequence ^"^(7^) for a path 71,72, •• • transforms into the 
stabilization of the sequence of geodesies (here, a stable functional is the behaviour of a 
geodesic after it comes out of the puncture (see Figure [3]). 

We remark that the study of the interpretation of the braid group in the form of the 
mapping class group leads finally to a mod 0-isomorphism between the PF-boundary of the 
braid group described in this paper (the boundary of the free group) and the PF-boundary 
of the braid group in terms of [l3l [7] (the Thurston boundary of Teichmiiller space of the 
punctured sphere). 

Representations of braid groups in the group of homeomorphisms of the circle. 

With the aid of the above-mentioned interpretation of the braid group in the form of the 
mapping class group, we can construct representations of the braid group in the group of 
homeomorphisms of the circle. Consider, for example, the set of all oriented geodesies (on 
the punctured disc with a hyperbolic metric) that come out of a certain puncture. This 
set is naturally endowed with the topology of the circle. The pure braid group acts on this 
"circular" space of geodesies. We have thus converted the pure braid group into a group, 
which acts on the circle. For this representation, our results yield corresponding corollaries. 
In particular, we see that the circle is a /i-boundary of the pure braid group. 

Using the punctured disc, we also can let the whole braid group to act on the circle. 
For example, we can define an action of the braid group on the set of all oriented geodesies 
that start from the boundary at right angle to it. (Obviously, this set is endowed with the 
topology of the circle.) For this action. Theorems 1 and 2 also produce certain corollaries. 

0.4 Other normal forms of braids 

The Markov-Ivanovsky normal form is not a unique stable form for braids. In fact, the 
results of this paper imply the stability for several other normal forms, which are essentially 
different from that of Markov-Ivanovsky. At the other hand, for some well-known normal 
forms (of braids) the problem of stability is still open. 

Going into the details, first we mention a stable normal form described in p/7]. Actually, 
this form belongs to an extensive collection of stable normal forms of geometrical nature. 
The stability of this form follows from the stability of the Markov-Ivanovsky form. In [2], 
Bressaud presented a new normal form for braids, which is to a certain extent cognate to the 
form of [17] . The Bressaud form is not stable with respect to the right-hand random walk. 
Nevertheless, this form can be easily converted into a stable one by shifting its leftmost 
part (which relates with the center of the braid group) to the right. The stability of this 
converted Bressaud form can also be deduced from the results of this work. There were 
attempts to find a stable form with all words cr-positive or cr-negative in Dehornoy's sense 
(see [3] for definitions). It turns out that such a form does not exist (for the random walk 
with a symmetric distribution). At the same time, we can construct a stable normal form 
composed of two parts, one of which is a c-positive or a (T-negative word while the second 
is in a certain sense elementary. For the Garside normal form, Thurston's normal form [6], 
Birman-Ko-Lee normal form [1], and some other known forms (see [4] for examples) the 
stability problemU is open. 

^It is obvious that some of the aforementioned forms are not stable with their customary definitions. 
Here, by the stability problem for a normal form we mean whether a normal form or some of its natural 
simple transformations is stable. Examples of such transformations (which usually include permutations 
of the parts of a form under investigation) are mentioned in the above remarks on the Bressaud normal 
form stability and also in the remarks on the Markov-Ivanovsky form definition in Section 1 below. 
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1 The braid group and the Markov-Ivanovsky normal form. 
Definitions 



In his seminal work [18], A. A. Markov presented a normal form for the elements of the braid 
group. This form is based on a normal series of the pure braid group, which consists of free 
groups with decreasing ranks. The first free group in this series is a special free subgroup 
of the braid group. The pure braid group P„ is a semidirect product of the special free 
subgroup by a subgroup isomorphic to the pure braid group Pn-i - By induction we therefore 
obtain a normal form for the pure braid group. This form is composed by a sequence of 
elements in the free subgroups of the aforementioned normal series. A. A. Markov annotates 
the theorems about this normal form and about the normal series with the last name of 
A. Ivanovsky. Unfortunately, neither the work ^18j nor other papers of A. A. contain any 
detailed references on A. Ivanovsk}jf|. In later works on the braid groups this normal series 
was rediscovered but it seems that the first appearance of the form was in fl8], so we prefer 
the term "the Markov-Ivanovsky normal form". 

The Artin braid group of rank n is determined by the presentation 

-Bn := ((71, ... ,cr„_i I CTjCrj = CTjCTj, \i - j\ > 2; a iU i+i^i = a i+ici id i+i) . 

In we consider the set of elements {sji, 1 < i < j < n}, where 

Sji := aj-iaj^2 ■ ■ ■ o-i+icr,^cr,^\ • • • cr^ig^^-i- 

Suppose m is in {2, . . . n}; then the set {sji, 1 < i < j < m} generates the pure braid group 
Pm in Bn- The collection {smi, 1 < i < m} generates a free subgroup of rank m — 1, which 
we denote by Fm-i - Fm-i is a normal subgroup in Pm- The subgroups P2 = Z and Fi = Z 
coincide. For each A: G {3, . . . n}, the subgroup P^ is a semidirect product of -Ffc-i by Pk-i' 

Pk = Fk-i >i Pk-i- 

Therefore, we have 

Pn = Fn-l X {Fn~2 X {Fn-2. X {Fn-i X • • • X Fi))). 

In particular, each element 7 of the pure braid group P„ is uniquely presented in the 
form 

7 = 7„_i7„_2 • • • 7271, where 7i G Fj. 

Every element of the free group Fi is represented by a unique reduced word in generators 
1 < J < i + 1} and their inverses (the reader may find an explicit definition of 
reduced words in Subsection 5.1 below). 

The Markov-Ivanovsky normal form in the pure braid group Pn is the mapping 

Dip : 7 1-^ K_i • • • Vi, 

where Vi is the reduced word for the element 7^ G F,. 

In order to define the Markov-Ivanovsky normal form in the braid group Bm we 
recall that Pn is a normal subgroup of index n\ in Bn- Let lin C -Bn be a set of coset 
representatives for Pn in Bn- Then each element (5 G Bn can be uniquely written in the 
form 7/37r^, where & Pn and G n„. The Markov-Ivanovsky normal form in the braid 
group Bn is the mappingj 

®A. Ivanovsky was a post-graduate student of A. A. Markov. He was killed during World War II. 

'^In [18], Markov fixes a certain specific set of coset representatives (for P„ in Bn) to define the normal 
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2 Random walks on groups. Definitions 



2.1. Random walks on groups. Let G be a countable group, and /i be a probability 
measure on G. We say that /x is nondegenerate if its support generates G as a semigroup. 
The (right-hand) random walk on G determined by the distribution //, or the random //- 
walk, is the time homogeneous Markov chain with the state space G, with the transition 
probabilities P{g, h) = ^{g~^h), and with the initial distribution concentrated at the group 
identity e. A realization of this process is called a path of the random walk. If // is a 
probability measure on G, we denote by the associated Markov measure on the path 
space G^+. 

2.2. Stable normal forms [19j. Let 5" be a subset of G. Suppose that S generates G as 
a semigroup. We denote by S* the set of all finite words over the alphabet S. A normal form 
in the group G is a mapping : G ^ 5* such that proOT = idc, where pr is the natural 
projection from S* onto G, that is, the projection that takes the word 1111102 . . .Wk € S* to 
the element wi ■ W2 ■ ■ - Wk ^ G. We say that a sequence {Vi}i^i+ of words in S* converges 
at infinity if for every A; G N there exists € N such that for each j > N the length of the 
word Vj is greater then k and, moreover, the initial subwords of length k (the k-prefixes) 
of words Vj, V/v coincide. A normal form : G — > S** is said to be stable with respect 
to the random fi-walk [fx-stable) if for P^-a.e. path r = {Tj}jgz+ the sequence of words 
{^{Ti)}i(zi,^ converges at infinitjjf]. A normal form is said to be stable if it is /x-stable for 
every nondegenerate measure /i. 

Remark. It is a too restrictive approach, if we define normal forms as words, and 
stabilization as the convergence of words in the word metric. A more efficient approach 
to the stable normal forms can be obtained by generalizing the notion of "word". A usual 
(linear) word of length n is a mapping of {1, . . .n} C N to an alphabet S. Yet we can 
consider the union of several copies of N (the "vector words"). Such a generalization of the 
notion of normal forms is necessary if our group G is the product of several copies of free 
groups or braid groups and so on. Accordingly, under this approach the limits of a stable 
normal form are collections of several infinite linear words. 

However, this interpretation must be further generalized. For example, in the case 
of the free meta-abelian group (see [H]), it is convenient to define a normal form of an 
element as a configuration of paths of a certain shape on the lattice with the operation 
of concatenation. Here, the limits are the infinite configurations. This interpretation for 
normal forms is especially useful if our group is realized as the fundamental group of a 
certain complex. This leads us to a notion of geometric boundary of the random walk on a 
group. 

form. In our case, the choice of such a set is not of importance. Furthermore, in [18] the sequence order 
for "components" of the normal form differs from the sequence order used above: Markov wrote a braid 
fi € Bn in the form 

"^BiP) ^ P'lA- ■ ■ P'n-iP'n-iT^'ii, where Pi e Fi, tt^ e E^. 

Clearly, in certain cases it is not important which sequence order we choose for the definition of the normal 
form. Apparently, in [18] the sequence order was chosen arbitrarily. We observe that in [21], for example, 
the Markov-Ivanovsky normal form is described with the same sequence order as ours. In the context of 
the stability, the choice of a sequence order does matter: the normal form 3b is stable with respect to the 
right random walk, while the normal form 3'g is not stable (for both left and right random walks). 

*It is interesting to investigate also the notion of the weak stability for normal forms. (To obtain the 
definition of the weak stability, use the convergence in measure instead of the a.e. convergence.) 
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2.3. /U-boundaries. Recall that an action of a group G on a topological space M is a 
homomorphism from G to the group Homeo(M) of all homeomorphisms of M. A space 
endowed with an action of a group G is called G-space. We denote by 'P(G') the space of 
all probability measures on G. The space of all regular Borel probability measures on a 
topological space M is denoted by V{M). V{M) is endowed with the weak* topology (with 
respect to the bounded continuous functions on M). A measure concentrated at a point is 
called a point measure. Recall also that an action of G on M determines an action of G 
on V{M), g9{E) = e{g-^E). 

Let IX G 'PiG). A measure v € V{M) is said to be ^i-stationary if 

fj,*u = gydii{g) = V. 
JG 

Let M be a G-space, let // G T^iG), and let G V{M) be a //-stationary measure. A pare 
(M, v) is called a ^-boundary for G if for a.e. path r = {rjlig^^ of the random //-walk the 
sequence of measures {Tj(i/)}jgz+ converges to a point measure (5^(t-), where w{t) £ M. A 
G-space M is said to be ^-proximal if for every //-stationary measure u G V{M) the pair 
(M, v) is a /i-boundary. A G-space M is said to be mean-proximal if it is //-proximal for 
every nondegenerate measure /i. 

We say that a /i-boundary (M, v) of a pair (G, /t) is a Poisson-Furstenherg boundary (a 
PF-boundary) if (M, z^) is a maximal /i-boundary, i.e., if each /t-boundary (Mi,i/i) of the 
pair (G, /i) is a factor-space of (M, i^) (as a measure space with a group action, disregarding 
the topology). 

3 Random walks on groups. Lemmas 

This section contains several general statements related to random walks on groups. 

3.1. Proposition [lOj. Assume that a countable group G acts on a compact metric 
space M. Then for every measure /i G V{G) the set of ii-stationary measures in V{M) is 
nonempty. □ 

3.2. Theorem [lOj. Assume that a countable group G acts on a compact metric space 
M. Let V G T'{M) be a ^-stationary measure for a measure /i G 'P(G). Then for a.e. 
path T = {Ti}i^z+ of the random fx-walk the sequence {Tj(z^)}jg2^ converges to a measure 
A(r) G ViM), and 

J A(r)dP^(r) = 1^. D 



3.3. Lemma. Assume that a countable group G acts on a compact metric space M . Let 
/i G V{G). Assume that M is fi-proximal. Then a ix-stationary measure on M is unique. 

Proof. Let i^i, V2 be two /i-stationary measures on M. Then, by the definition of /t- 
stationary measures, the measure vq := ^ui -\- ^1/2 is also //-stationary. Since M is /t- 
proximal, it follows that for a.e. path r := {Ti}i^i,+ of the random //-walk the corresponding 
sequence {rji/o}igz+ = {■^^ + "^^}iez+ of measures converges to a point measure 6^, where 
w = w{t) G M. This implies that the sequences and {^^}iez+ converge to the 

measure Then by Theorem 3.2 we have 

'^0= ^w{T)dP,,{T) = Ui = V2. 
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□ 



3.4. Lemma [13]. Assume that a countable group G acts on a space M. Let /j, be a 

nondegenerate measure on G, and v G V{M) be a ^-stationary measure. Suppose E is a 
measurable subset of M such that for every g ^ G we have either g{E) = E or g{E)nE = 0, 
and, moreover, there are an infinite number of pairwise disjoint sets of the form g{E), where 
g £G. Then u{E) = 0. 

In particular, if for each point x € M the orbit G{x) is infinite, then v is continuous. 

3.5. Lemma (on absolute continuity). Assume that a countable group G acts on a 
space M . Let ^. be a nondegenerate measure on G, and let v G V{M) be a ^-stationary 
measure. Then for each g £ G the measure gu is absolutely continuous with respect to the 
measure v. Moreover, we have 

1) For every g ^ G there exists a constant C'g such that for each measurable subset 
E d M we have 

G'gV{E)>gv{E). 

2) For every g G G there exists a constant C'g > such that for each measurable subset 
E C M with EU gE = M we have 

u{E) > C;. 



Proof. 1) Since // is nondegenerate, it follows that for an element g € G there is a 
number s € N such that Hs{g) > 0, where denotes the s-fold convolution of /i. 
Since v is //-stationary, it follows that 

u{E) = hu{E)fis{h) > gu{E)fis{g). 

Now, we set C'g := l/fj,s{g). 

2) The condition E U gE = M imphes that g~'^E Li E = g^^M = M. From this we 
obtain 

u{E) + gu{E) = u{E) + u{g~^E) > u{E U g'^E) = u{M) = 1. 
By assertion 1) we have C'gV{E) > gv{E). Consequently, 

{l + C'gy{E)>u{E)+gv{E) > 1. 
To complete the proof, we set C'g := j^qt- 

□ 



Definition (cofinite subsets). We say that a subset H of a group G is cofinite if there 
exists a finite set J C G such that HJ = G. The following result immediately follows from 
the standard facts of martingale theory. 

3.6. Lemma (on cofinite subsets). Let G be a countable group, II d G be a cofinite 
subset, fj, E 'P(G) be a nondegenerate measure. Then a.e. path of the random ^-walk hits 
the subset H an infinite number of times. Furthermore, for each element go £ G there 
exists A; G N such that for a.e. path r = {Ti}jgz+ of the random fi-walk the set 

L{t) := {/ G N I G n+k = mo} 

is infinite. □ 
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4 A sufficient condition of /i-proximality 



In this section, we describe a sufficient condition for a metric G-space to be //-proximal. 
This condition will be used in the proof of Theorem 1 below. 

4.1. e-contracting collections of elements. Let M be a metric space with a metric d. 
Suppose that a group G acts on M by homeomorphisms. An element g & G is. said to be 
e-contracting for a measure A G V{M) if there is a ball 

B,{x) := {yeM\ d{x,y)<e} 

such that 

gX{B,{x)) >l-e. 

We say that a collection Ki C G is totally e-contracting (for a metric G-space (M, d)) 
if for each measure A G V{M) the collection Ki contains an e-contracting element for A. 

A collection K2 C G is said to be universally e-contracting (for (M,d)) if for each 
h E G the collection hK2 is totally e-contracting. 

4.2. Remark. If a collection Ki C G is totally e-contracting, then for each h £ G the 
collection Kih is also totally e-contracting. To prove this, let A G V{M) be an arbitrary 
measure. Then Ki contains an e-contracting element g for the measure hX. This means 
that the element gh G K\h is e-contracting for A. 

4.3. Remark. The previous remark immediately implies that a set K2 <Z G is universally 
e-contracting if and only if for each h E: G the set hK2h~^ is totally e-contracting. 

4.4. Proposition (a suflfitient condition of /i-proximality). Assume that a countable 
group G acts on a compact metric space M. Suppose that for an arbitrary small e > 
the group G contains a finite universally e-contracting collection for M . Then for each 
nondegenerate measure ji on G, M is fi-proximal. 

The proof of Proposition 4.4 is based upon the following lemma. 

4.5. Lemma. Assume that a group G acts on a metric space M , e > 0, and G contains 
a finite universally e-contracting collection K for M . Then for an arbitrary measure A G 
V{M) the set H := H{e, A) of all e-contracting elements for A is cofinite in G. 

Proof of the lemma. Let g & G he an arbitrary element. Then, by the definition of a 
universally e-contracting collection, the collection gK is totally e-contracting. In other 
words, the sets gK and H have a nonempty intersection, whence g G HK~^. Then, since 
g is arbitrary, it follows that G = HK~^ . Therefore, since the set is finite, it follows 
that H is, indeed, cofinite. □ 

Proof of Proposition 4:A. Let /i G 'P(G) be an arbitrary nondegenerate measure, and let 
be a /t-stationary measure in V{M). By Lemma 4.5, for each e > the set of all 
e-contracting elements for 1/ is cofinite in G. Then Lemma 3.6 implies that for a.e. path 
r = {Ti}i^z+ of the random /i-walk there exists a sequence {ik}kei+ C N such that for each 
A; G N the element ti^ is l/fc-contracting for the measure u. Since M is compact, it follows 
that the sequence {t^j. (z^)}fcez+ has a subsequence that converges to a point measure. This 
means that for a.e. path r the sequence {Ti(z^)}igz+ has a subsequence converging to a 
point measure. At the same time, by Theorem 3.2 the sequence ^{1/) a.s. converges to a 
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certain measure. Consequently, {Tj(z^)}jg2_^ a.s. converges to a point measure, i.e. the pair 
{M,v) is a /i-boundary if {G,iJ,). Therefore, since u is an arbitrary /i-stationary measure, 
it follows by definition that M is /i-proximal, as required. □ 

5 The free group. Definitions 

This section contains several definitions and well-known facts about the free group, its 
boundary, and the action of the free group on its boundary. We use standard terminologies 
of combinatorial group theory and hyperbolic group theory (see I15|). 

5.1. The free group and words. Let F be a free group of rank n >2 with generators 

We will denote the set of these generators and their inverses by U. Let U* be 
the set of all finite words over the alphabet U, and let C/°° denote the set of all right infinite 
words over the same alphabet. 

If W = W1W2 ■ ■ - Wk € U* , then we denote by the word w'j^'^ . . . W2'^w^'^ G C/*. If 
r G {1, . . . , /c}, the word wi . . .Wr is called the initial subword of length r, or the r-prefix, 
of the word W, while the word Wk-r+i ■ ■ - Wk is the terminal subword of length r, or the 
r-sujfix, of W. For g € Z, we denote by the |(/|-fold concatenation of the word VF'^'sn('?)_ 
By W~^°° and W~°° we denote the right infinite words that are the limits of the sequences 
{VT'^lqgN and {VF~'^}ggN, respectively. 

A word over the alphabet U is said to be reduced if it contains no inverse pair 
subwords. Each element x G F has a unique reduced representative in U* . We denote 
this representative by [x]. Clearly, the mapping x 1-^ [x] is a normal form. For x G F, we 
put |x| := \x\u := In the free group F, the function d{x,y) := is a metric. This 

metric is called the word metric associated with the system of generators . . . ,Un}- 

A word V & U* is said to be cyclically reduced if the word VV is reduced. It can be 
easily checked that for an element a G F there is a unique pair {Aa,Xa) of cyclically reduced 
word Aa G U* and reduced word Xa G U* such that [a] = XaAaX~^ . We call the words Xa 
and Aa the wing and the core of the element a and denote them by wing[o] and core [a], 
respectively. (We remark that these definitions depend on the system of generators.) It 
can be easily seen that the lengths of cores of conjugate elements are equal (i.e., for any 
a,6 G F we have |core[a]| = \ core[bab^^]\) . 

5.2. The boundary of the free group. As is customary, we denote by dF the boundary 
of the free non-abelian group F. It is well known that dF is homeomorphic to the Cantor 
set. dF can be defined as the space of ends for the Cayley graph of {F, {ui, . . . ,Un})- 
(Recall that the Cayley graph of the free group with a system of free generators is a tree.) 

There exists a natural one-to-one correspondence between the set of points in dF and 
the set of all reduced words in U°°. We denote by [w] the right infinite reduced word that 
corresponds to a point w G dF. Clearly, the formula x 1— > [x] determines a bijection from 
the set of points of the hyperbolic compactification F U dF to the set of all reduced words 
in U* U C/°°. 

It is known that for each nontrivial element a £ F the sequence {a*}jgN converges in 
F U dF to a boundary point. We denote by 0+°° and a~°° the limits of the sequences 
{a*}igN and {a~*}jgN; respectively. Assume that [a] = XAX~^^ where X is reduced and 
A is cyclically reduced; then, clearly, the words XA'^°^ and XA~°^ represent the points 
a^°° and a~°°, respectively. 
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5.3. On the action on the boundary. For each element a E F, the action of a on F by 
left translation {x t— >■ ax) can be uniquely extended to a homeomorphism of the compact 
F U dF. The image of a subset E C dF under the left translation by a will be denoted 
by aE. It is known that each automorphism tp G Aut(F) can be uniquely extended to 
a homeomorphism ijj : F Li dF — *• F U dF. Let a E F, and let ipa € Inn(F) denote the 
automorphism of conjugation by a, i.e., il^a{x) = axa~^. Then we readily see that for each 
w G dF we have V'a(^) — 



5.4. The Gromov product. Let W = W1W2 ■ ■ ■ and V = V1V2 ... be two distinct words 
(either finite of right infinite). We set := r — 1, where r is the smallest positive 
integer such that Vr ^ Wr (we mean that the inequality Vr / Wr holds true, in particular, 
if we have either |y| = r — 1 or \W\ = r — 1). For a finite word V we set (V^|V^) = |V^|. 

For a pair of distinct points w, v in FUdF we set {w\v) := {[w]\[v]). For a point v E F 
we set {v\v) = \v\. We easily check that for every x, y in F the following equality holds: 

{x\y) = + \y\ - \x'^y\)- 

The value {x\y) is called the Gromov product of elements x and y. 
On the space F U dF, we define a metric p by setting 

p{w,v) ■— {{w\v) + 1) ^ 

for distinct elements w, v in F L) dF. (We set p{v, v) = 0.) It can be easily checked that 
p is, indeed, a metric. The topology of this metric coincide with the standard topology of 
hyperbolic compactification on F U OF. We remark that for every x,y,z G F U OF, in the 
triple p{x,y), p{x,z), p{y,z) either all values coincide or the two greatest values coincide. 

In the metric space {dF, p), we will denote by B^{v) the closed ball {w G dF\ p{v, w) < 
e}. It immediately follows from the definitions that for every k eN and w G dF, the ball 
Bi/i^{w) is the set of all infinite reduced words with a common (k ~ l)-prefix. This implies 
that the intersection of every two balls in [dF, p) either is empty or coincides with one of 
these balls. We note also that iiv,w E dF and p{v,w) < 1/k, then Bi/j^{v) = Bi/f,{'w). 

5.5. Lemma. For every nontrivial element a E F we have 

p{a+'^, a-°°) = , . ^, -. (5.1) 

|wing[a]| + l ^ ' 

(a|a+°°) > M. (5.2) 
p(a,a+°°) < (5.3) 



Proof. We put X := wing[a] and A := core[a]. Then [a] = XAX'^, [a+°°] = XA+°°, and 
[a~°°] = XA~°°. Consequently, we have (a+°°|a^°°) = \X\ =^ | wing[a]|, and 

/9('a+°° 0-°°) =^ - = - 

' ^ (a+°°|a-°°) + 1 |wing[a]| + l' 

Now, we observe that \a\ = 2\X\ + \A\, whence we get 

(a|a+°°) = {XAX-^\XA+°°) = \XA\ = \X\ + \A\ > ^^^^ ^ = i^. 
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Therefore, we have 



' (a|a+°°) + l \a\ 



□ 



6 The free group. Lemmas 

In this section, we prove seA-eral properties of the action of the free non-abelian group F 
on its boundary dF. We assume that F has a fixed system of generators, so we use the 
notation introduced in the previous section. 

6.1. Lemma. Let a G F , k G N. Assume that \a\ > 2k. Then we have 



Proof. It suffices to show that for an arbitrary point w G dF we have either w € i?i/jt(o+°°) 
or a~'^w G ^1/^(0"°°). 

The assumption \a\ > 2k and inequahty (5.2) imply the following two inequalities: 

(a+-|a)>M>A:; (6.1) 

(a-°o|a-i)>^ = M>fc. (6.2) 

Obviously, we can take an element it;' G F so close to w that the equalities {a''^w\a~^) = 
{a~^w'\a~^) and {w\a) = {w'\a) hold. Then we have 

{a~^w\a~^) + {w\a) = {a^^w'la"^) + {w'\a) 

= ^{\a-^w'\ + \a-^\ - \w'\) +^{\w'\ + \a\ - \a-^w'\) 

This means that either {a~^w\a~^) > k or {w\a) > k. We observe that for every x,y,z G 
F U dF the conditions {x\y) > k and {x\z) > k imply the condition {y\z) > k (see the 
properties of the Gromov product in Subsection 5.4). Consequently, if {a^^wla"^) > k, 
then by (6.2) we get {a-^w\a-°°) > k, i.e., a'^w G 5i/(fc+i)(a-°°) C Byk{a-°°). In the 
case where {w\a) > k, the inequality (6.1) yields {w\a'^°°) > k whence w G Bi/i^{a'^°°), as 
required. □ 



6.2. Lemma. Let a G F, and let |wing(a)| > k £ N. Then the k-element collection 
{a, a^, . . . ^a^} C F is totally 1/k-contracting for the metric F-space {dF,p). 

Proof. It is necessary (and it is sufHcient) to prove that for every measure A G V{dF) there 
are a point w G dF and an element g G {a, a^, . . . , a'^} such that 

g\{Byk{w)) > 1 - 1/k. 

The assumption | wing(a)| > k and (5.1) imply that p{a~°°,a^°°) < 1/k, whence it follows 
that Bi/kia~°°) = -Bi/jt(a+°°) (see Subsection 5.4). We denote the ball Bi/k{a~°°) = 
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i?i/^.(a+°°) by i^i/fc. Since \a\ > 2|wing(a)| > 2k, it follows by Lemma 6.1 that for every 
i 7^ j G Z we have 

which is equivalent to 

a'B^/k U a^Byk = OF. 

Thus, the sets in the collection {dF \ a^Bi/f.}z£z are pairwise disjoint. Hence the set 
{1, . . . ,k} contains a number (zq say) such that 

A(9F \ a-^«Si/fc) < l/k. 

Also, we observe that 

X{dF \ a-'°Byk) = 1 - A(a-*«i?i/fc) = 1 - a'°X{Byk)- 
Combining the latter two formulas we get 

a'^iBy,) > 1 - l/k. 
Thus, for the element g := a*° G {a, a^, . . . , a^} and for the point a+°° we have 

<7A(i3i/,(a+~)) > 

as required. □ 



6.3. Lemma (cf. |15L Proposition 2.27]). Assume that elements a and b of the free 
group F do not commute. Let A; € N. Then the set {a, 6, a?^^ha~'^'^^ , 6^°'^a6~^°'^} has an 
element h with |wing[/i]| > k. 



Proof. Recall that [x] denotes the reduced word representing an element x G F. For a word 
W & U* we will denote by W the element of F represented by W. (We thus have [x] = x.) 

Suppose that [a] = XAX~^ and [b] = YBY~^, where X, Y are reduced words, and A, 
B are cyclically reduced words (as mentioned in Subsection 5.1 above, such X, Y, A and 
B exist and unique). Without loss of generality, we assume that \A\ < \B\. We will show 
that under this assumption at least one of the elements a, b, and b"^^^ ab~'^^'' has the wing 
of length > k. 

Assume the converse, i.e., assume that we have 

|X| < k, \Y\ < k, |wing[62°'=a6-2°'=]| < k. 

We observe that 

Let q denote the element Y^^XAX^^Y. Then 

Now, we concentrate on properties of the element B'^^^q and of the corresponding reduced 
word [iJ^'^^q]. Let us prove several inequalities. 

Since q = Y'^XAX-^Y, the inequalities \Y\ < k < k\B\, \X\ < k < k\B\, and 
1^1 < \B\ < k\B\ imply the following inequality: 

|q| < 5k\B\. (6.3) 
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Then, since \B'^'^''\ = 20A;|5|, we have 

iS^O'^ql < 25k\B\. (6.4) 

Since the lengths of cores of conjugate elements are equal, it follows that 
I core[6^°'^a6'~^°'^]| = \A\. By assumption, we have | wing[6^°'^a6~^'^'^]| < k, whence it follows 
that 

|y^20fcq^-20fcy-i| ^ |^,20fc^^-20fe| < + 2A:. 
Then, since \Y\ < k, we have 

|^20feq^-20fe| ^ +2k + 2k< 5k\B\. (6.5) 

Now, we estimate the Gromov product of the elements [B'^^^q)~^ and B~^^^. We observe 
that 



(|(^20fcq)-i 



^-20/c^ _ l^|^20fcq| _|_ |]^20A:| __ |j^20fcq^-20fc 



> l(^|s20fc| _ |q| + IS^O'^I - |520^qB-20'=|) 
= 20A;|S|-I(|q| + |S2%B-20'=|). 
Then by (6.3) and by (6.5) we obtain 

>lhk\B\. 

This means (see Subsection 5.4) that the 15/c|i?| -prefixes of words [i?^'"'q]^^ and iJ-^Ofe 
coincide, hence the word B~^^^ is a prefix of [B^'^'^q]"^. Equivalently, the word B^^^ is a 
sufHx of [P^^a^. 

At the other hand, since the word iJ^ofc of length 20/c|i?| is reduced and since |q| < hk\B\ 
(see (6.3)), it follows that B^^^ is a prefix of [P^^c^. 

We have thus shown that the word [S^^'^q] has suffix S^^fc prefix B^^^ , and, 
moreover, |[i?^'^'^q]| < 2'bk\B\ (see (6.4)). Consequently, since the word B is cyclically 
reduced, it follows that each of the words 5[B^°'^q] and [i?^°*^q]5: 

- is reduced; 

- has prefix B^^^ of length 15A;|S|; 

- has suffix B^^^ of length lhk\B\; 

- has length at most 2bk\B\ + \B\ < 2Qk\B\. 

Therefore (since JB^^'^I + [S^^'^l > 2Qk\B\), the words B[B'^^^^c^ and [B'^^^c^B coincide. 
Hence the elements B'^^^c^ and B of F commute. Then the elements q and B also commute, 
whence Yqy~^ and YBY~^ commute. We observe that YqX~^ = XAX~^ = a and 
YBY~^ = b. We have thus proved that a and b commute, which contradicts the assumption 
of our lemma. □ 



6.4. Corollary. Assume that elements a and b of the free group F do not commute. Let 

k eN. Then the collection Q^^^^ , where 

Q := {a, 6, a~^, 6^^, e}, 
is totally 1/k- contracting for the metric F -space (dF,p). 



17 



Proof. Since Q contains the group identity, it follows that for every r, s G N with r < s 
we have C Q'^ . This implies that the elements a, b, a^°'^6a~^°'^, and fe^°^a6~^°'^ lie in 
the set (5^°^+^, whence by Lemma 6.3 it follows that the set Q^^^~^^ contains an element 
(say, h) with |wing[/i]| > k. Then by Lemma 6.2 the collection {h, h!^ , . . . , h''} is totally 
l/Zc-contracting for {dF,p). It is clear that 

We have thus proved that the collection Q^^''^ contains a totally l/Zc-contracting 
subcollection. Hence, Q^^'^ is totally 1/fe-contracting. □ 



7 Proof of Theorem 1 

The outline of the proof is as follows: using the results of Section 6, we show that the 
action of G on the boundary dF satisfies the sufficient condition of /U-proximality, which 
was described in Section 4. 

We assume that F has a fixed system of generators, so we enable the notation introduced 
in Sections 5 and 6. 

Claim. For an arbitrary large k E N, the group G contains a finite universally 1/k- 
contracting collection for the metric G-space {dF,p). 

Proof of the claim. Let € -F C G be a pair of non-commuting elements. We will show 
that the finite collection 

R := {x, y, x-\ y-\ ej^^^' C F C G 

is universally l//c-contracting for {dF,p). In view of Remark 4.3, it suffices to show that 
for every g G G the collection gRg~^ is totally l/fc-contracting. We put a := gxg~^ and 
b := gyg~^. Since F is a normal subgroup of G, it follows that a and 5 lie in F. We also 
observe that a and b do not commute (because x and y do not commute). It is clear that 

gRg-' = {a, b, a-\ b-\ ef''^". 

Thus, the collection gRg~^ is totally l/A;-contracting by Corollary 6.4. The claim is proved. 

□ 

By the above claim, the action of G on dF meets the assumptions of Proposition 4.4. 
Therefore, the boundary dF is a ^u-proximal space. This means that there exists a unique fi- 
stationary measure on dF (see Lemma 3.3), and the pair {dF, v) is a //-boundary of (G, p). 
To complete the proof, we observe that for each point w G dF the orbit G{w) D F{w) is 
infinite, so u is continuous by Lemma 3.4. Theorem 1 is proved. 



8 A theorem about the selective convergence 

Definition (the selective convergence). Let T be a topological space. We say that a 
sequence {(fli, 6i)}jez+ , where (ai,6i) is a pair of points in T, selectively converges to a 
point t G T if there exist a converging to t sequence {ci}i^z+ such that q G {aj,6j} for 
each i. Obviously, a sequence of pairs of points in a Hausdorff space can selectively converge 
to at most two distinct points. 

In this section, we prove the following theorem. 
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Theorem about the selective convergence. Let G be a countable group with a normal 
free non-abelian subgroup F. Let fi be a nondegenerate measure on G. Then for a.e. path 
T = {Ti}i^z+ of the random ^-walk and for an arbitrary nontrivial element a G F, the 
sequence of pairs {{TiaT~^ ,Tia~^T~^)}i£z+ selectively converges to a point w{t) G dF. 

Proof. We assume that F has a fixed system of generators, and we consider the 
corresponding word metric, Gromov product, and metric p in FUdF. As above, for v € dF 
and e > 0, we set B^{v) := {w € dF\ p{v,w) < e} (see tiie notation in Section 5). 

The image of a point v G dF under the action of an element g G G we denote by gv. 
We note that for every nontrivial element x E F and every g E G the point gx'^°° coincides 
with tlie point {gxg~^)~^°° . 

It is clear that under the assumptions of the theorem our Theorem 1 is applicable, thus 
on dF there exists a unique //-stationary measure u. 

Claim (1). Let G N, and b E F be a nontrivial element. Then there exists a constant 
G{b, k) > such that for each g E G we have 

gu(^Byk{gb+^) U By^igb'^^)) > C{b,k). 

Remark. This claim is not trivial, because we may have Bi/f.{gb^^) ^ gBi/i.{b^'^). 

Proof of Claim (1). Let g be an arbitrary element of G. We put 

E:= B,/kigb+^)UB,/k{gb-^). 

Obviously, for every element x E F and every positive integer r, the word core[x''] coincides 
with the word (core[a;])''. Therefore, since the element gbg~^ G F is not trivial, we have 

\{gbg-'f''\>2k\coreigbg-')\>2k. 

For every r G N, we obviously have {gb^ g~^)^^ = g{¥)^'^ = gb"^"^ , whence Bi/k(gb'^°°) = 
Bi/k{{9b^ 9~^)^^) ■ Tlien by Lemma 6.1 we have 

{gbg-'^f'^EUE = dF. 

Consequently, 

b^^g-^E U g-'^E = g~^dF = dF. 
Applying the second part of Lemma 3.5, we obtain 

gu{E) = iy{g-'E)>C'^,,. 

To complete the proof, we set C{b, k) = C'^2k- D 

Claim (2). // a sequence of measures {gi{j^)}iez+ , where gi G G, converges to a point 
measure 5^ with v G dF , then for each nontrivial element b E F e the sequence of pairs 
{{gib''^°° , gib~°°)}i£Z+ selectively converges to the point v. 
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Proof of Claim (2). It is sufficient to show that for each fc G N there exists AT^/fc £ N such 
that for each j > Ni^. one of the points of the pair {gjb'^°° , gjb~^) lies at distance at most 
1/k from V (with respect to the metric p). Let us prove it. Let A; G N. By Claim (1) there 
exists C{b, k) > such that for each g E: G we have 

g,. (^By,{gb+^) U By,{gb-^))>C{b,k). 

Since the sequence of measures {5i(j^)}iez+ converges to a point measure Sy, it follows that 
there exists -/V^/fc € N such that for each j > Nij^ we have 

gju{Byk{v)) >l-C{b,k). 

Thus we have 

g^v(^Byj,{gjh+°°) U Byj,{g^b-°°)) + gju(B^,k{v)) > 1. 

Consequently, the ball Bi^i^{v) must intersect at least one of the balls B^j^^g^b'^'^) and 
^i/k{9jb~^)- This means, as observed in Section 5, that at least one of the points gjb'^°° , 
gjb~°° lies at distance at most 1/k from the point v. So, the claim is proved. □ 

We denote by drF the set of rational" points of the boundary dF: 

drF := {x+^\ xeF^ejcdF. 



Claim (3). // a sequence of measures {gi{i^)}iez+ , where gi G G, converges to a point 
measure 5y with v G dF \ drF , then for each nontrivial element 6 G .F \ e the sequence of 
numbers {\gibg~^\}i^z+ tends to infinity. 

Proof of Claim, (3) . Assume converse. Then the sequence {gibg^^}i^z+ has a constant 
subsequence {gikbgl^^}k(^z+ = y,y,y,---- By Claim (2), the sequence of pairs 
{{gib'^°° , gib~°°)}i^z+ selectively converges to the point v, whence the subsequence 
{(5ifc^^°°i5ifc^"°°)}fcez+ = {(y^°°,2/"°°)}fcez+ also selectively converges to v. But this 
means that v E C drF, which contradicts the assumption that v G dF^drF. 

Claim (3) is thus proved. □ 



Claim (4). // a sequence of measures {gi{i^)}iez+ , where gi G G, converges to a point 
measure 5y with v G dF \ drF, then for each nontrivial element 6 G -F \ e the sequence of 
pairs {{gibg^^ , gib~^g^^)}i^z+ selectively converges to v. 



Proof of Claim (4). Prom Claim (2) it follows that there exists a sequence where 
5i G {+1,-1}, such that the sequence {gi{b^'')'^°°}iez+ converges to v. By (5.3), for each 
i we have 

p{g^b'^g;\g^{b'^)^n< , J. -u - 

By Claim (3) we have \gib^^g~^ \ +oo, whence 

pig^b'^g-\g^ib'T'^)^0. 

This implies that the sequence {gih^'g^^}iez+ converges to v (because the sequence 
{giib^^)^°°}i&+ converges to v), which means by definition that the sequence of pairs 
{(5^H~^5^^~^fl'^~^)}^GZ+, indeed, selectively converges to v. □ 
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To complete the proof of our theorem, we observe that by Theorem 1 the jU-stationary 
measure u is continuous and the pair (OF,!/) is a ;U-boundary of (G, /i). The latter fact 
means that for a.e. path r = {Ti}i^z+ of the random /x-walk the sequence of measures 
{'^i(^)}iez+ converges to a point measure (J^(^), where w{t) G dF. Furthermore, since the 
set drF is countable and since the measure u is continuous, it follows that u{drF) = 0. 
From this we conclude by Theorem 3.2 that for a.e. path r we have w{t) G dF \ drF. 
Therefore, the theorem is proved now by Claim (4). □ 

9 Proof of Theorem 2 

By the assumption of Theorem 2, F contains an element u ^ e that is fixed under the 
action of the subgroup A. By the selective convergence theorem (see Section 8), for a.e. 
path r = {rj}iez+ = {xiai}i^z+ the sequence of pairs {{TiUTf^,TiU^Wf^)}iQZ+ selectively 
converges to a point w{t) G dF. Since u commutes with the elements of A, it follows that 

TiUTf^ = XiUx^^ and TjU" V^"^ = XjU~^Xj~^. 

Therefore, the sequence of pairs {{xiux~^ ,XiU~^x^^)}i^x+ selectively converges to w{t). 
This means that there exists a sequence {5j}jez+ with 6i G {+1, —1} such that the sequence 
{xiU^^x^^}i^z+ converges to ■w{t). In particular, if we fix in F a system of generators and 
consider the associated word metric, then |xju'^'a;~''^| oo as i oo. Also, we observe 
that for the Gromov products {xi\xiU^^x^^) the following inequality holds: 

{xi\xiU^'x:r^) = ^{\xi\ + \xiU^'x-^ \ - |xiU-^'|) > ^{\xiU^'xr^\ - |u|). 

Thus, the sequence {{xi\xiU^^x~^)}i^z+ tends to infinity. Then, since the sequence 
{xiU^'-x~^}i^z+ converges to w{t), it follows that the sequence {xi}i^z+ also converges 
to w{t). Theorem 2 is thus proved. 

10 The stabihty of the Markov-Ivanovsky normal form 

Proof of Theorem 3. In the proof, we use the notation introduced in Section 1. We recall 
that the pure braid group P„ is a semidirect product of the normal free subgroup Fn-i by 
the subgroup Pn-i, and each element 7 G Pn can be written as a unique product 7 = xa, 
where x G F^-i and a G Pn-i- It is easy to check that the element 

U = SnlSn2 ■ ■ ■ •Sn(n-l) = i^n-l • • • Cr2(TlC7lC72 • • • CTn-l G -Fn-1 

commutes with all elements of the subgroup Pn-i- We can thus apply Theorem 2 to the case 
of the pure braid group P„ = Fn-i x Pn-i - By Theorem 2, for each nondegenerate measure 
/X G 'P(-Pn) and for a.e. path of the random /z-walk r = {Ti}i^z+ = {xiai}i£z+ (here, 
Xi G Fn~i, ai G Pn-i), the sequence {xi}i^z+ converges to a point on the boundary dFn~i. 
By the definition of the Markov-Ivanovsky normal form, the reduced representative of the 
element Xi (we mean the reduced representative over the generators {snj, 1 < J < and 
their inverses) is a prefix of the normal form 3p{Ti). This means exactly that the normal 
form 3p is stable in the pure braid group P„. 

Since Pn is a subgroup of finite index in i?„, the following lemma proves the stability 
of the Markov-Ivanovsky normal form 3b in the braid group Bn- □ 
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10.1. LemmsO. Let G be a countable group, Q be a subgroup of finite index in G, and 
H C G be a set of left coset representatives for Q. Let be a normal form in the group Q. 
Denote by o- normal form in G that takes an element g G G to the word ^Q{g'ir~^)TTg, 
where tt^ := 11 H Qg. Suppose that is stable. Then is stable. 

Proof. By the definition of stable normal forms, it is necessary and sufficient to prove that 
is //-stable for an arbitrary nondegenerate measure /i on G. 

For a path r = {Ti}i^i+ and a subset H G G, we will denote by t" the subsequence in 
T that consists of elements of H. Lemma 3.6 implies that if H is cofinite, then is infinite 
for a.e. path r. We observe that for each g € G the subset Qg is cofinite in G, because Q 
has finite index in G. Consequently, for each g G G and for P^-a.e. path r the subsequence 
^Qg jg infinite. 

First, we show that for P^-a.e. path r the sequence of words 91q(t'') converges 
(throughout the proof, for a normal form N and a sequence s := we denote 

by N(s) the sequence {'N{sj)}j^z+)- Let us define a measure //' on the group Q by setting 
//'(g) equal to the probability that for a sample path r of the random /i-walk on G we 
have {t'^}i = q. Then Lemma 3.6 implies that //' is a probability measure on Q. Since // 
is nondegenerate for G, it easily follows that /t' is nondegenerate for Q. Now, we consider 
the random /i'-walk on Q. Let P^' denote the corresponding measure on the path space 
Q^+. Clearly, the (P^-a.e. defined) mapping t ^ from to Q'^+ maps the measure 
P^ to the measure P^'. Since OTq is stable (in Q) and /i' is nondegenerate (in Q), it follows 
that for -P^'-a.e. path k = {Ki}i£z+ of the random //'-walk the sequence of words ^Q{Ki) 
converges. Consequently, for P^-a.e. path r the sequence ^q{t'^) converges. 

From the above it follows by standard arguments that for P^-a.e. path r and for each 
element g £ G the sequence of words ^q{t'^^ g^^) converges. 

Now, we observe that for every elements g,h £ G and for P^-a.e. path r the sequences 
^q{t'^^9~^) and ^Q{T'-^^h~^) converge to one and the same limit. (This follows from 
Lemma 3.6, which implies that for P^-a.e. path r = {Ti}i^z+ there exist /c G N and an 
infinite set L C N such that for each I G Lwe have ti G Qg and r;+jt = rig^^h G Qh, whence 
it follows that the sequences T'^^g~^ and r'^'^h'^ have infinite coinciding subsequences.) 

To complete the proof, we observe that each path r in G^+ splits into a finite number 
of subsequences of the form r'^'', where p G 11. Accordingly, the sequence of words 
{^G{Ti)}i£Z+ (which by the definition of 9Tg equals the sequence {ytQ{Ti7:^^)iTri}iez+) 
splits into the subsequences ^q{t'^''p~^)p^ p G 11. By the above, for P^-a.e. path r these 
subsequences converge. Furthermore, they converge to one and the same (infinite) limit. 
This means that for P^-a.e. path r the sequence of words {^GiTi)}i&+ converges, i.e., the 
form 9Tg is //-stable, as required. □ 
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To = 1; 



:j(7o) = 



71 = 70 • ^(71) = • 



72 = 71 • S41; 3^(72) = S43 S4I ■543^S3/- 

73 = 72 • sij^ ^(73) = S43 S41 S41 s^^s^^s^^s^^. 

74 = 73 • ^32^ ^(74) = S43 S4I S4I •543^-54/s43^S3"/s32^ 

^^^^^ 

75 = 74 • •S42; 3f(75) = S43 S4I S4I 3^^842 S^^S^lS^i ■ 

76 = 75 • S21; CJ(76) = S43 S4I S41 Sjg-^S J]^^S42 Sj3-^S3f^S32-^S21- 

77 = 76 • S32; 3f(77) = S43 S4I S4I S^^S^^S42 84 38^^8^2 ^^1^3^ ■^31 S21 - 

78 = 77 ■ Sji^ CJ(78) = S43 S4I S41 Sj3^sj/S42 Sj/sj2^Sji^S42 S41 8^3^531^532^- ■ ■ 

79 = 78 • Sj2^; 11(79) = S43 S4I S41 s^^s^ls42 543^5^/5^2^541^^542^541 542 541 •• • 

Figure 2: Geometric presentations for the Markov-Ivanovsky normal forms (first elements 
in the path). 
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Figure 3: The action of 4-braids on the geodesic X4. 
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